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Abstract
We consider special flows over the rotation by an irrational α under the roof func-
tions of bounded variation without continuous, singular part in the Lebesgue decom-
position and the sum of jumps 6= 0. We show that all such flows are weakly mixing.
Under the additional assumption that α has bounded partial quotients, we study
weak Ratner’s property. We establish this property whenever an additional condition
(stable under sufficiently small perturbations) on the set of jumps is satisfied. While
it is classical that the flows under consideration are not mixing, one more condition
on the set of jumps turns out to be sufficient to obtain the absence of partial rigidity,
hence mild mixing of such flows.
1 Introduction
In the paper, we deal with measurable, measure-preserving flows on standard probability
spaces. Hence, we are given a standard probability space (X,B, µ) and an R-representation
R ∋ t→ St ∈ Aut(X,B, µ), where Aut(X,B, µ) denotes the group of measure-preserving
automorphisms of (X,B, µ). Moreover, we assume that this representation is weakly
continuous, meaning that for each f, g ∈ L2(X,B, µ) the function R ∋ t→ 〈f ◦ St, g〉 ∈ C
is continuous.
Among different classes of flows studied in ergodic theory, one of the most important
is the class of horocycle flows acting on the unit tangent spaces of compact surfaces of
constant negative curvature. In 1980’s, M. Ratner [19, 20, 21, 22] studied this class and
established several ergodic rigidity phenomena in it. In particular, in [21], she discovered
a special way of divergence of orbits (called, in [21], Hp-property) for horocycle flows and
derived from it important dynamical consequences. The property discovered by Ratner was
later named Rp-property or Ratner’s property (see [24]). Ratner’s property was further
extended by D. Witte [26] to so called compact Ratner’s property and used in the study
of the conjugacy problem for unipotent flows.
A natural question arises whether there are flows satisfying Ratner’s property beyond
the class of flows of algebraic origin. This question has been answered positively. Namely,
K. Frączek and M. Lemańczyk [5] have proved that Ratner’s property holds for each special
flow given by an irrational rotation by α, with α having bounded partial qoutients, and the
roof function piecewise absolutely continuous1, satisfying von Neumann’s condition (from
1f : [0, 1) → R is piecewise absolutely continuous if [0, 1) = [a0, a1) ∪ [a1, a2) ∪ ... ∪ [aN−1, aN), a0 =
0, aN = 1 and f |[ai,ai+1) is absolutely continuous i = 0, ..., N − 1.
1
2[18]) ∫
T
f ′dλ 6= 0, (1)
λ stands for Lebesgue measure on T. As a matter of fact, Ratner’s property (from [21])
was slightly modified in [5] to so called finite Ratner’s property, however the dynamical
consequences (the rigidity property of joinings, see Theorem 5.2 below) of the extended
property remained valid. We emphasize that when dealing with the aforementioned class
of special flows over irrational rotations, in fact, we deal with flows different from (not
isomorphic to) horocycle flows. Indeed, horocycle flows are mixing, in fact, they have
Lebesgue spectrum of infinite multiplicity (e.g. [12]). It now follows by the classical result
by A. Kochergin [14] that if we consider special flows over an irrational rotation with the
roof function of bounded variation (and such are roof functions from the aforementioned
class), then the resulting flows are not mixing. (We note in passing that if we want to be
sure that we do not consider, up to isomorphism, horocycle flows, we need to put some
smoothness condition on the roof function; otherwise, if we fix an irrational rotation by α
and let the roof function be arbitrary continuous then, up to isomorphism, we will obtain
every horocycle flow; indeed, every horocycle flow is loosely Bernoulli [20]). More than
that, it follows from [4] that every special flow over an irrational rotation with the roof
function of bounded variation has singular spectrum and is spectrally disjoint from all
mixing flows. This shows that flows considered in [5] are, from the dynamical point of
view, completely different from horocycle flows.
Note that if f : T→ R is a function of bounded variation, it has only countably many
discontinuity points, say, 0 6 y1, y2, ..., all of them are discontinuities of the first order; let
si denote the jump at yi. In fact, every countable subset of T, in particular dense subsets,
can be the set of discontinuities of some f as above. In order to study Ratner’s property,
we make two introductory remarks. First of all, it seems that finite Ratner’s property is
too strong to hold in such a general class of flows. That is why we need to weaken this
property to so called weak Ratner’s property. We borrow the latter notion from [6], where
it was used to study special flows over two-dimensional rotations.2 Secondly, note that∫
T
f ′dλ for piecewise absolutely continuous functions is equal to S(f) which is the (finite)
sum of jumps. The number S(f) :=
∑+∞
i=1 si is well defined for each f of bounded variation
(the series is absolutely convergent because f is of bounded variation). Therefore, it might
seem that S(f) 6= 0 (corresponding to (1) for piecewise absolutely continuous functions)
is a “working” condition in our general setup. However, it turns out that the presence of
singular component in the Lebesgue decomposition
f = fj + fa + fs + S{·}, (2)
where fj is the jump function, fa is absolutely continuous on T, fs is singular and con-
tinuous on [0, 1] (see Section 5.1 for details) is another obstacle when studying ergodic
properties of such flows. Indeed, it follows from a result from [11] that for each α with
unbounded partial qoutients there exists f = fs, S(fs) 6= 0, and the corresponding special
flow is not weakly mixing. More than that, this was strenghtened in [25] to have, for each
irrational rotation, examples of f = fs, S(fs) 6= 0, isomorphic to the suspension flow.
2Dynamical consequences (rigidity of joinings) hold for flows with weak Ratner’s property.
3Having all this in mind, we restrict ourselves to study special flows with roof func-
tions for which fs = 0, i.e. f = fj + fa + S{·}
3 (note that fs = 0 for f piecewise
absolutely continuous). Such functions form a Banach space V with the norm given by
‖f‖ = V ar(f) + ‖f‖L1 . Now, S(f) =
∫
T
f ′dλ is a linear, continuous functional on V
and the von Neumann condition (1) is given by S(f) = S 6= 0, where S comes from the
decomposition (2). It follows that the set U of functions in V satisfying (1) is open in V,
it is the complement of a hyperplane.
In order to describe the main results of the paper, recall that von Neumman in [18]
proved that for an arbitrary irrational α and a piecewise absolutely continuous f , (1)
implies weak mixing of the corresponding special flow. We will generalize this result by
showing (Proposition 6.2) that the special flow over the rotation by an arbitrary irrational
α with the roof function in U is weakly mixing.
To investigate stronger properties than weak mixing, we will constantly assume that α
has bounded partial quotients. Moreover, there will be some assumptions concerning the
rate of convergence of the series of jumps of f . This may look quite strange because the
set of discontiunuity points can be any countable subset of T. It will be shown however
that we can introduce some well-ordering on the set of discontinuity points inherited from
a natural well-ordering of the set of absolute values of the jumps. This ordering will be
optimal when considering the speed of convergence of the series (see Remark 7.2). One of
the main results of the paper is the following (cf. Theorem 7.4.)
Theorem 1.1. Let T : T → T be the rotation by an irrational α with bounded partial
quotients, i.e. C := supi{ai} + 1 < +∞, where [0; a1, a2, ...] stands for the continued
fraction expansion of α. Let f : T → R+ be a bounded away from zero function in U with
the set of jumps {di}
+∞
i=1 satisfying for some j ∈ N
∑
i>j
|di| 6
|S|
(2 + θ)(2C + 1)((2C + 1)j + 1)
,
for some θ > 0. Then the special flow T f has the R(γ, P ) property 4 for every γ > 0,
where P := (sgnS)p − D, D := {
∑+∞
i=1 nidi | 0 6 ni < 2C + 1} and p ∈ R is such that
(p− η, p + η) ⊂ (0, |S|) \ (D ∪ −D) for some η > 0.
Theorem 1.1. gives a stability result of weak Ratner’s property in the class of piecewise
absolutely continuous functions satisfying (1) in the space V. Namely, it will follow from
Theorem 7.4 that there is an open set G ⊂ V of functions satisfying weak Ratner’s property
such that G + R is dense in V. In particular, the set of functions satisfying weak Ratner’s
property has non-empty interior in V and contains every piecewise absolutely continuous
function satisfying (1), see Remark 7.5.
The property of mild mixing of a (finite) measure preserving transformation has been
introduced by H. Furstenberg and B. Weiss in [10]. Recall that a finite measure-preserving
transformation is mildly mixing if its Cartesian product with an arbitrary ergodic (finite or
infinite not of type I) transformation remains ergodic. It is also proved in [10] that a finite
measure-preserving transformation T : (X,B, µ) → (X,B, µ) is mildly mixing if and only
3{x} denotes the fractional part of x ∈ R.
4This property is defined in Section 5.
4if it has no non-trivial rigid factors, i.e. lim infn→+∞ µ(T
−nB△B) > 0 for every B ∈ B
with µ(B) /∈ {0, µ(X)}. The notion of mild mixing has been extensively studied by many
authors, see e.g. [1, 9, 16, 17, 23]. Similar definition can be introduced and similar results
hold in case of flows. It is immediate from the definition that the strong mixing property
of a flow implies its mild mixing which implies weak mixing property. It follows from [5]
that for flows having weak Ratner’s property, to prove mild mixing, it suffices to show the
absence of partial rigidity (see Sections 2 and 3 for needed definitions).
The second main result of the paper is Theorem 8.2, in which the absence of partial
rigidity for special flows under the functions from U and with some assumptions concerning
the rate of convergence of the series of jumps is proved. Contrary to [5], where absence of
partial rigidity is proved for all special flows under piecewise absolutely continuous func-
tions and arbitrary irrational α, Theorem 8.2 is shown to hold for α having bounded partial
qoutients.
The author would like to thank Professor Mariusz Lemańczyk for many fruitful discus-
sions and suggestions concerning this paper.
2 Basic notions
Let S = (St)t∈R be an ergodic (measurable) flow on a standard probability space (X,B, µ).
We recall that S is called mixing if
lim
t→+∞
µ(StA ∩B) = µ(A)µ(B) for all A,B ∈ B.
If
lim
T→+∞
1
T
∫ T
0
|µ(StA ∩B)− µ(A)µ(B)|dt = 0,
for all A,B ∈ B then (St)t∈R is called weakly mixing. Recall also that the weak mixing
of S is equivalent to the ergodicity of (St × S
′
t)t∈R acting on (X ×X
′,B ⊗B′, µ× µ′) for
each ergodic (S′t)t∈R acting on a standard probability space (X
′,B′, µ′). It easily follows
that mixing implies mild mixing which in turn implies weak mixing.
Assume that A ⊂ B is a factor of (St)t∈R, i.e. A is an (St)t∈R-invariant sub-σ-algebra.
Let (tn)n∈N be a sequence of real numbers such that tn → +∞. We say that the factor A
is rigid along (tn) if
lim
n→+∞
µ(A ∩ S−tnA) = µ(A)
for every A ∈ A . In particular, (St) is rigid along (tn) if A = B. A flow (St)t∈R is called
partially rigid along (tn) if there exists 0 < u 6 1 such that
lim inf
n→+∞
µ(B ∩ S−tnB) > uµ(B) for every B ∈ B.
Assume that T is an ergodic automorphism on (X,B, µ). A measurable function
f : X → R determines a cocycle f (·)(·) : Z×X → R given by
f (m)(x) =


f(x) + f(Tx) + ...+ f(Tm−1x) if m > 0
0 if m = 0
−(f(Tmx) + ...+ f(T−1x)) if m < 0.
5Denote by λ Lebesgue measure on R. If f : X → R is a strictly positive L1 function,
then by T f = (T ft )t∈R we will mean the corresponding special flow under f acting on
(Xf ,Bf , µf ), where Xf := {(x, s) ∈ X×R : 0 6 s < f(x)}, and Bf (µf ) is the restriction
of B ⊗ B(R) (µ × λ) to Xf . Under the action of the flow T f each point in Xf moves
vertically with unit speed and we identify the point (x, f(x)) with (Tx, 0). More precisely,
if (x, s) ∈ Xf then
T ft (x, s) = (T
nx, s+ t− f (n)(x)),
where n ∈ Z is unique such that
f (n)(x) 6 s+ t < f (n+1)(x).
It is well-known (due to [18]) that the special flow (T ft ) is weakly mixing if and only if for
every s ∈ R \ {0} the equation
ψ(Tx)
ψ(x)
= e2πisf(x)
has no measurable solution ψ : X → S1 := {z ∈ C : |z| = 1}.
3 Joinings
Let S = (St)t∈R, T = (Tt)t∈R be two ergodic flows defined on (X,B, µ) and (Y,C , ν)
respectively. By a joining between S and T we mean any probability (St×Tt)t∈R-invariant
measure on (X×Y,B⊗C ) whose projections on X and Y are equal to µ and ν respectively.
The set of joinings between S and T is denoted by J(S,T ). The subset of ergodic joinings is
denoted by Je(S,T ). Ergodic joinings are exactly extremal points in the simplex J(S,T ).
Let {An : n ∈ N} and {Bn : n ∈ N} be two countable families in B and C respectively,
which are dense for the pseudo-metrics dµ(A,A
′) = µ(A△A′) and dν(B,B
′) = ν(B△B′)
respectively. Let us consider the metric d on J(S,T ) defined by
d(ρ, ρ′) =
∑
m,n∈N
1
2m+n
|ρ(An ×Bm)− ρ
′(An ×Bm)|, ρ, ρ
′ ∈ J(S,T ).
Endowed with the topology corresponding to d, which we will refer to as the weak topology,
the set J(S,T ) is compact.
Denote by µ ×A µ ∈ J(S,S) the relatively independent joining of the measure µ over
the factor A , i.e.
(µ×A µ)(D) =
∫
X/A
(µx¯ × µx¯)(D) dµ¯(x¯)
for D ∈ B ⊗ B, where {µx¯ : x¯ ∈ X/A } is the disintegration of the measure µ over the
image µ¯ of µ via the factor map Π : X → X/A .
For every t ∈ R, by µSt ∈ J
e(S,S), we will denote the graph joining determined by
(St)t∈R, i.e. µSt(A × B) = µ(A ∩ S−tB) for A,B ∈ B. Then µSt is concentrated on the
graph of St.
6Recall that in general the notions of (absence of) partial rigidity and mild mixing are
not related. We have however the following.
Lemma 3.1. [5] Let S be an ergodic flow on (X,B, µ) which is a finite extension of each
of its non-trivial factors. If the flow S is not partially rigid then it is mildly mixing.
4 Continued fraction expansion of an irrational number α.
We denote by T the circle group R/Z which will be identified with the interval [0, 1) with
addition mod 1. For a real number t denote by {t} its fractional part and by ‖t‖ its distance
to the nearest integer number. For an irrational α ∈ T denote by (qn)
+∞
n=0 its sequence of
denominators, that is, we have
1
2qnqn+1
<
∣∣∣∣α− pnqn
∣∣∣∣ < 1qnqn+1 ,
where q0 = 1, q1 = a1, qn+1 = an+1qn + qn−1, p0 = 0, p1 = 1, pn+1 = an+1pn + pn−1
and [0; a1, a2, ...] stands for the continued fraction expansion of α. One says that α has
bounded partial quotients if the sequence (an)
+∞
n=1 is bounded. In this case, if we set C :=
sup{an : n ∈ N}+ 1 then qn+1 6 Cqn and
1
2Cqn
6
1
2qn+1
< ‖qnα‖ <
1
qn+1
<
1
qn
for each n ∈ N. The following lemma is well-known.
Lemma 4.1. Let α ∈ T be irrational with bounded partial quotients. Then there exist
positive constants C1, C2 such that for every k ∈ N the lenghts of intervals J1, ..., Jk arisen
from the partition of T by 0,−α, ...,−(k − 1)α satisfy C2k 6 |Jj | <
C1
k for each j = 1, ..., k.
5 Weak Ratner’s property
In this section we recall the notion of weak Ratner’s property introduced in [6] and we list
results from [6] needed in what follows.
Definition 5.1. [6] Let (X, d) be a σ-compact metric space, B the σ-algebra of Borel
subsets of X, µ a Borel probability measure on (X, d) and let S = (St)t∈R be a flow on
(X,B, µ). Let P ⊂ R \ {0} be a compact subset and t0 ∈ R \ {0}. The flow (St)t∈R
is said to have the property R(t0, P ) if for every ǫ > 0 and n ∈ N there exist κ = κ(ǫ),
δ = δ(ǫ,N) > 0 and a subset Z = Z(ǫ,N) ∈ B with µ(Z) > 1−ǫ such that if x, x′ ∈ Z, x′ is
not in the orbit of x, and d(x, x′) < δ, then there areM = M(x, x′) > N , L = L(x, x′) > N
such that LM > κ and there exists ρ = ρ(x, x
′) ∈ P such that
1
L
∣∣{n ∈ Z ∩ [M,M + L] : d(Snt0(x), Snt0+ρ(x′)) < ǫ}∣∣ > 1− ǫ.
7Moreover, we say that (St)t∈R has weak Ratner’s property or R(P )-property if the set
of s ∈ R such that the flow (St)t∈R has the R(s, P )-property is uncountable.
We will constantly assume that (St)t∈R satisfies the following “almost continuity” con-
dition: for every ǫ > 0 there exists X(ǫ) ∈ B with µ(X(ǫ)) > 1 − ǫ such that for every
ǫ′ > 0 there exists ǫ1 > 0 such that d(Stx, St′x) < ǫ
′ for all x ∈ X(ǫ) and t, t′ ∈ [−ǫ1, ǫ1].
Note that if (T ft )t∈R is a special flow acting on (X
f ,Bf , µf ) equipped with the metric
d1((x, t), (y, s)) = d(x, y) + |t− s|, then the above condition holds.
Theorem 5.2. [6] Let (X,d) be a σ-compact metric space, B the σ-algebra of Borel subsets
of X and µ a probability Borel measure on (X,d). Let (St)t∈R be a weakly mixing flow on
the space (X,B, µ) that satisfies the R(P )-property, where P ⊂ R \ {0} is a nonempty
compact set. Assume that (St)t∈R satisfies the “almost continuity” condition. Let (Tt)t∈R
be an ergodic flow on (Y,C , ν) and let ρ be an ergodic joining of (St)t∈R (Tt)t∈R. Then
either ρ = µ× ν or ρ is a finite extension of ν.
Remark 5.3. Let S be an ergodic flow on (X,B, µ). Assume that for each ergodic flow T
acting on (Y,C , ν) an arbitrary ergodic joining ρ is either the product measure or ρ is a finite
extension of ν. Then S is a finite extension of each of its non-trivial factors. Indeed, suppose
that A ⊂ B is a non-trivial factor. Let us consider the action of S|A on (X/A ,A , µ)
and the natural joining µ|A ∈ J
e(S,S|A ) determined by µ|A (B × A) = µ(B ∩ A) for all
B ∈ B, A ∈ A . Clearly the action S × (S|A ) on (X × (X/A ),B⊗A , µ|A ) is isomorphic
to the action of S (via the projection on (X,B, µ)). Since the measure µ|A is not the
product measure, the action S × (S|A ) is a finite extension of S|A .
Proposition 5.4. [6] Let (X,d) be a σ-compact metric space, B be the σ-algebra of Borel
subsets of X, µ a probability Borel measure on (X, d). Assume that T : (X,B, µ) →
(X,B, µ) is an ergodic isometry and f : X → R is a bounded positive measurable function
which is bounded away from zero. Let P ⊂ R\{0} be a compact set. Assume that for every
ǫ > 0 and N ∈ N there exist κ = κ(ǫ) > 0, δ = δ(ǫ,N) > 0 and a subset Z = Z(ǫ,N) ∈ B
with µ(Z) > 1−ǫ such that if x, x′ ∈ Z, and d(x, x′) < δ, then there are M = M(x, x′) > N ,
L = L(x, x′) > N such that LM > κ and there exists p = p(x, x
′) ∈ P such that
1
L
∣∣∣{n ∈ Z ∩ [M,M + L] : |f (n)(x)− f (n)(x′)− p| < ǫ}∣∣∣ > 1− ǫ.
Suppose that γ ∈ R is a positive number such that the γ-time automorphism T fγ : Xf → Xf
is ergodic. Then the special flow T f has the R(γ, P )-property.
5.1 Properties of bounded variation functions without singular continu-
ous component in the Lebesgue decomposition
Let T : T → T be an irrational rotation by α with the sequence of denominators (qn)
+∞
n=1
and f : T → R a function with bounded variation (f ∈ BV (T))5. It is well known that
f ∈ L1(T) and the following inequality holds.
5We constantly assume that all considered functions of bounded variation are left-continuous.
8Proposition 5.5. (Denjoy-Koksma inequality; see e.g.[3, 15]) If f : T → R is a function
of bounded variation then ∣∣∣∣∣
qn−1∑
k=0
f(x+ kα) − qn
∫
T
f dλ
∣∣∣∣∣ 6 V arf,
for every x ∈ T and n ∈ N.
Let us identify the function f : T → R, with the function f¯ : [0, 1] → R, by f¯(x) = f(x)
if x ∈ [0, 1), and f¯(1) = lima→1− f(a) which exists since f ∈ BV (T). Then f¯ ∈ BV ([0, 1]).
(Note that if f is continuous from the left, so is f¯ .) By the Lebesgue decomposition, see
e.g. [8], it follows that
f¯ = f¯a + f¯j + f¯s,
where f¯j(x) =
∑
y<x(f¯(y
+) − f¯(y−)) 6 is the jump function. Note that f¯j has countably
many discontinuity points, say β2, β3, . . ., and the series of jumps is absolutely convergent
(since f¯ ∈ BV ([0, 1])). Furthermore, f¯s is singular and continuous, and f¯a absolutely
continuous on [0, 1]. This decomposition is unique up to constants. It follows that we can
decompose f as
f = fa + fj + fs + S{·}, (3)
where fj := f¯j|[0,1) is the jump function on T with the set of jumps {di}
+∞
i=1 at {βi}
+∞
i=1
respectively (β1 = 0 and d1 can be equal to zero), fs := f¯s|[0,1) is singular, continuous
on T \ {0} (the only discontinuity point can be 0), and fa := f¯a|[0,1) − S{·} is absolutely
continuous on T (S = f¯a(1) − f¯a(0)). Recall that BV (T) is a Banach space with the
norm ‖f‖ := V arf + ‖f‖L1 . Let us set BVa+j(T) := {f ∈ BV (T) : fs = 0}(= V) which
is a Banach space (it is a closed subspace of BV (T)). For the functions in BVa+j(T)
we have that S :=
∑+∞
i=1 di is just the sum of the jumps of the function f and V arf =∑+∞
i=1 |di|+ ‖f
′
a‖L1 + 2S. Consider the set U := {f ∈ BVa+j(T) : S 6= 0}. Notice that all
piecewise absolutely continuous functions satisfying (1), which from now on will be called
von Neumann’s functions, belong to U . Von Neumann’s functions are precisely all functions
in BVa+j(T) for which there are only finitely many discontinuity points. Moreover, U is
an open set in BVa+j(T). In fact, it is the complement of a hyperplane.
Proposition 5.6. The set of von Neumann’s functions is dense in U .
Proof: Let f ∈ U be a function with the set of discontinuities {βi}
+∞
i=1 and the set of
corresponding jumps {di}
+∞
i=1 . We will construct a sequence (fn)
+∞
n=1 ⊂ U of von Neumann’s
functions which tends to f as n→ +∞. The series
∑+∞
i=1 |di| is convergent, so there exists
jn ∈ N such that
∑
i>jn
|di| <
1
3n . Let us consider the discontinuity points βi, i = 1, ..., jn.
By permuting them, write 0 6 βk1 < βk2 < ... < βkjn where {1, ..., jn} = {k1, ..., kjn}. Let
gjn(x) =
∑
i6k di if βkr 6 x < βkr+1 , r = 1, ..., jn, βjn+1 = βk1 and set Sn :=
∑jn
i=1 di.
Then let
fn(x) := fa(x) + gjn(x) + Sn{x} ∈ BVa+j(T).
It follows that the only points of discontinuity of fn are βk1 , ..., βkjn (perhaps fn is con-
tinuous at βk1). Moreover, |S − Sn| <
1
3n . Since S 6= 0, there exists n0 ∈ N such that
6f(y±) := limz→y± f(z).
9Sn 6= 0 if n > n0. Thus, fn is a von Neumann’s function. Now, consider (f − fn)(x) =
(fj − gjn)(x) + (S − Sn){x}. We have
V ar(f − fn) 6 V ar((S − Sn){·}) + V ar((fj − gjn)) = 2|S − Sn|+
∑
i>jn
|di| 6
1
n
,
so fn → f in BVa+j(T) (obviously fn → f in L
1). 
As an arbitrary f ∈ U is left-continuous,
f := fac + fpl, (4)
where fac : T → R is absolutely continuous with zero mean and fpl : T → R belongs to U
and f ′pl(x) = S for all x ∈ T \ {βi}
+∞
i=1 . Indeed, we set
fpl(x) :=
+∞∑
i=1
di{x− βi}+ c,
for some constant c ∈ R (c :=
∫
T
fa(x) dλ, cf. (2)). Note that the points of discontinuity
and the size of jumps of f and fpl are the same. Indeed, it is an easy consequence of the
decomposition (2) (fpl(x) = fj(x) + S{x}+ c).
We consider f ∈ BVa+j(T). Then
∫
T
f ′dλ = S. Moreover, for each interval [a, b] ⊂ [0, 1)
we have∫ b
a
f ′(x)dλ = f(b−)− f(a+)−
∑
{i; βi∈[a,b]}
di = f(b
−)− f(a+)−
∑
x∈[a,b]
fj(x
+)− fj(x). (5)
Indeed, ∫ b
a
f ′dλ =
∫ b
a
f ′adλ+
∫ b
a
S dλ = fa(b
−)− fa(a
+) + S(b− a) =
fa(b
−)− fa(a
+) + S(b− a) + fj(b
−)− fj(a
+)− (fj(b
−)− fj(a
+)) =
fa(b
−)− fa(a
+)−
∑
{i; βi∈[a,b]}
di.
5.2 Von Neumann’s functions considered up to cohomology do not ex-
haust U
We say that f : T → R is a coboundary if there exists a measurable function j : T → R
such that f(x) = j(x)− j(Tx) for almost every x ∈ T. One says that f and g are cohomo-
logous if their difference is a coboundary. In the previous section, we have shown that von
Neumann’s functions are dense in U , whence a natural question arises whether there are
some functions f ∈ U which are not cohomologous to any von Neumann’s function.
To answer positively this question, let us consider a function f ∈ U with an infinite set
of discontinuities {βi}
+∞
i=1 ⊂ Q such that βi − βj /∈ Z + Zα whenever i 6= j. Let the jump
di at βi be positive for each i ∈ N. Moreover, we assume that for every ǫ > 0 there exists
Nǫ such that ∑
i>Nǫ
di 6 ǫmin{d1, ..., dNǫ}. (6)
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Take g a von Neumann’s function with the set of discontinuities {γj}
k
j=1 and the cor-
responding set of jumps {mj}
k
j=1, S(g) =
∫
T
g′dλ =
∑k
j=1mj 6= 0, and suppose that
(f − g)(x) = j(x) − j(Tx) for some measurable function j : T → R. Let (qn) be the
sequence of denominators of α. Then (f − g)(qn) → 0 in measure as n → +∞. We must
have that S(f) = S(g), if not f −g ∈ U and by Theorem 6.2 below, we get a contradiction.
By (2), f − g = (fj − gj)+ (fa− ga) = (fj − gj + c)+ (fa− ga− c)
7. Using Denjoy-Koksma
inequality (Proposition 5.5), (fa − ga − c)
(qn) → 0 uniformly as n → +∞. It follows that
(fj − gj + c)
(qn) → 0 in measure as n → +∞, and we will show that this is impossible
under our additional assumption (6).
Remark 5.7. (e.g. [2]) Without loss of generality we can assume that the difference
between any two discontinuity points of fj − gj is not a multiple of α. Indeed, if δ − δ
′ ∈
Z+ Zα, χ[δ,δ′)(x)− (δ
′ − δ) is a coboundary.
Since the number of discontinuities of f is infinite and βi−βj /∈ Z+Zα, after applying
Remark 5.7, there are still infinitely many points of discontinuity of fj − gj left and the
difference between any two of them is not a multiple of α. Without loss of generality, we
can assume that the set of points of discontinuity is {βi}
+∞
i=1 ∪ {γj}
k
j=1.
Lemma 5.8. ([7], Lemma 2.3.) Let α be irrational with bounded partial qoutients and let
β ∈ (Q + Qα) \ (Z + Zα). Then there exists c > 0 such that for each m ∈ N the length of
each interval in the partition of T arisen from 0,−α, ...,−(m−1)α, β, β−α, ..., β−(m−1)α
is at least cm .
Let us fix ǫ0 > 0 such that Nǫ0 > 4k and, for m ∈ N, let Im be the partition of the
circle given by the points βi − jα, i = 1, ..., Nǫ0 , j = 0, ...,m − 1.
Remark 5.9. By the above lemma, there exists a constant c′ := c′(β1, ..., βNǫ0 ) > 0 such
that the length of each interval in partition Im is at least
c′
m . It also follows by Lemma 4.1
that the length of each interval in Im is at most
C1
m .
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Let us consider the points γi − sα, i = 1, ..., k, s = 0, ..., qn − 1, the number of such
points is kqn. The number of intervals in Iqn is at least 4kqn (because Nǫ0 > 4k). Fix
1 6 i 6 Nǫ0 . For s = 0, ..., qn − 1 let Ii,s, I
′
i,s ∈ Iqn be the intervals with the right endpoint
βi − sα and the left endpoint βi − sα respectively. Then there exists 1 6 i
′ 6 Nǫ0 such
that |Aqn,i′ | > qn/2, where
Aqn,i′ :=

0 6 s 6 qn − 1 :

 k⋃
j=1
{γj − rα}r=0,...,qn−1

 ∩ (Ii′,s ∪ I ′i′,s) = ∅

 .
Set Hqn(i
′) :=
⋃
s∈Aqn,i′
I ′i′,s and H
′
qn(i
′) :=
⋃
s∈Aqn,i′
Ii′,s. By definition
(
qn−1⋃
s=1
{γi − sα}
k
i=1
)
∩Hqn(i
′) = ∅,
(
qn−1⋃
s=1
{γi − sα}
k
i=1
)
∩H′qn(i
′) = ∅. (7)
7c :=
∫
T
(fa − ga)dλ.
8If m = qn for some n ∈ N, C1 = 1.
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It follows that |Hqn(i
′)|, |H′qn(i
′)| > qn2 (each interval in the above families has length
at least c
′
qn
). Let us fix Ii′,s ∈ Hqn(i
′) and I ′i′,s ∈ H
′
qn(i
′). Take any x ∈ Ii′,s, y ∈ I
′
i′,s.
By Remark 5.9, the length of the interval [x, y] is at most 2/qn. Moreover, the only
points of discontinuity of (f − g)(qn) in [x, y) are βi′ − sα and some of the form βi − rα,
i > Nǫ, r = 0, ..., qn − 1. Let us fix i1 > Nǫ and consider the points βi1 − tα, βi1 − rα for
some t 6= r. Then
‖(βi1 − tα)− (βi1 − rα)‖ > ‖qn−1α‖ > 1/2qn.
It follows that the number of discontinuities of (f − g)(qn) in [x, y) of the form βi1 − rα for
some r = 0, ..., qn − 1 is at most 5. Thus
(f − g)(qn)(y)− (f − g)(qn)(x) =
+∞∑
i=1
(
qn−1∑
r=0
χ[x,y)({βi − rα})
)
di +
k∑
j=1
(
qn−1∑
r=0
χ[x,y)({γj − rα})
)
mj = di′ +
∑
i>Nǫ0
nidi,
for some integers |ni| 6 5. We get that (f − g)
(qn)(y)− (f − g)(qn)(x) > (1− 5ǫ0)di′ , which
is a contradiction with ((f − g)(qn))∗λ→ δ0 as n→ +∞.
6 Weak mixing of special flows when the roof function is in
U
Let T be an ergodic automorphism acting on (X,B, µ) and f : X → R+ in L
1(X,B, µ).
Assume that T is rigid and let (qn)
+∞
n=1 be a rigidity sequence. We will state a criterion for
weak mixing of special flows over rigid systems.
Lemma 6.1. (cf. [6], Proposition 2.1.) Under the above assumptions, assume additionally
that there exists 0 < c < 1 such that
lim sup
n→+∞
∣∣∣∣
∫
X
e2πirf
(qn)(x) dµ(x)
∣∣∣∣ < c,
for all |r| ∈ R large enough. Then the special flow (T ft )t∈R is weakly mixing.
Proof: Suppose on the contrary that for some s 6= 0 and a measurable ψ : X → S1
ψ(Tx)
ψ(x)
= e2πisf(x).
Then for all k ∈ Z \ {0} we have∣∣∣∣
∫
X
(ψ(T qnx)ψ(x))k dµ(x)
∣∣∣∣ =
∣∣∣∣
∫
X
e2πiksf
(qn)(x) dµ(x)
∣∣∣∣ < c < 1,
for n, k large enough. Since clearly (ψ ◦ T qn)kψk → 1 in measure as n → +∞, we obtain
a contradiction. 
We will now prove that all special flows under the roof functions from U are weakly
mixing. The proof of this fact is based on the proof of Theorem 3 from [17] concerning the
ergodicity of real cocycles over irrational rotations.
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Proposition 6.2. Let T : T → T be an arbitrary irrational rotation by α. Let f : T → R+,
f ∈ U . Then the special flow T f is weakly mixing.
Proof: By Theorem 5.6, there exists a sequence (fn)
+∞
n=1 of von Neumann’s functions
which tends to f in BVa+j(T). It follows that there exists n0 such that for n > n0,
|S(fn)| 6= 0 and V ar(f − fn) < |S(fn)| (this holds because V ar(f − fn) → 0 and S(fn)→
S(f) 6= 0). Let g := fn0+1 and S := |S(g)|. Then g is a von Neumann’s function and let
K denote its number of discontinuities. We will prove that if c is any constant satisfying
V ar(f − g)/S < c < 1, then
lim sup
n→+∞
∣∣∣∣
∫
T
e2πirf
(qn)(x)dλ(x)
∣∣∣∣ < c (8)
for every |r| large enough. This will show weak mixing in view of Lemma 6.1.
Recall (see (4)) that f(x) = fpl(x)+fac(x), where fac : T → R is absolutely continuous
with zero mean and fpl(x) = fj(x) + S(f){x} + c
′ (c′ =
∫
T
fac(x) dλ(x)). It follows from
Denjoy-Koksma inequality that f
(qn)
ac → 0 uniformly as n→ +∞, so to prove (8), without
loss of generality, assume that f = fpl. By the proof of Proposition 5.6, g is piecewise
linear (g(x) = gj(x) + S{x}+ c
′). Let h := f − g, then, by definition, V ar(h) < S. Let
Ir,q =
∫
T
e2πir(g
(q)(x)+h(q)(x))dλ(x)
for r 6= 0 and q > 1.
Since g is piecewise linear and g′ = S, we get 1q |g
′(q)| = |S| so for all q we have
|g′(q)(x)| = |S|q,
for almost every x ∈ T.
Denote by x1 6 ... 6 xqK the points of discontinuity of g
(q). They divide the interval
[0, 1) into subintervals [xj , xj+1), j = 1, ..., qK (xqK+1 = x1). It may happen that some
of these intervals are empty. However, if [xj, xj+1) is not degenerated then g
(q)|(xj ,xj+1) is
absolutely continuous and (g(q))′(x) = qS for all x ∈ (xj , xj+1). So we have
∫ xj+1
xj
e2πir(g
(q)+h(q))dλ =
∫ xj+1
xj
e2πirh
(q)
2πikg′(q)
d(e2πirg
(q)
).
We obtain by integrating by parts on each interval (xj , xj+1)
Ir,q =
1
2πir
Kq∑
j=1
(
e2πir(g
(q)
−
(xj+1)+h
(q)
−
(xj+1))
g
(q)′
− (xj+1)
−
e2πi(rg
(q)
+ (xj)+rh
(q)
+ (xj))
g
(q)′
+ (xj)
)
−
1
2πir
∫ 1
0
e2πirg
(q)
d(e2πirh
(q)
/g′(q)).
It follows that (cf. the proof of Theorem 3 from [17])
|Ir,q| 6
1
2π|r|
(
2Kq
Sq
+ V ar(e2πikh
(q)
/g′(q))
)
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and
V ar(e2πirh
(q)
/g′(q)) 6 sup
(
1
|g′(q)|
)
V ar(e2πirh
(q)
) + V ar(1/g′(q))
6
1
Sq
2π|r|V ar(h(q)) +
1
S2q2
V ar(g′(q))
6
2π|r|
S
V ar(h) +
1
S2q
V ar(g′).
Finally
|Ir,q| 6
K
π|r|S
+
V ar(h)
S
+
V ar(g′)
2π|r|S2q
=
V ar(h)
S
+O(1/r)
uniformly in q. Since V ar(h)/S < c, we get lim supq→+∞ |Ir,q| 6 c < 1 for r large enough.

7 Ratner’s property for roof functions from a subfamily of U
We will prove weak Ratner’s property of the special flow (T ft )t∈R with f belonging to some
subfamily of U (Section 5.1) which will be specified below. From now on, we assume that
α has bounded partial qoutients and let C := sup{an}
+∞
n=1 + 1. First, let us recall the
following result.
Lemma 7.1. ([5], Lemma 6.1.) Let T : T → T be the rotation by α with bounded partial
quotients and let f : T → R be absolutely continuous with zero mean. Then
sup
06n<qs+1
sup
‖y−x‖< 1
qs
|f (n)(y)− f (n)x| → 0, as s→ +∞.
Let f : T → R be a positive function in U with the set of discontinuities {βi}
+∞
i=1 and
the corresponding set of jumps {di}
+∞
i=1 . We make an additional assumption on the jumps
of f . Namely, we assume that there exist j ∈ N and θ > 0 such that
∑
i>j
|di| 6
|S|
(2 + θ)(2C + 1)((2C + 1)j + 1)
. (9)
Remark 7.2. There is some natural well-ordering on the set of points {βi}
+∞
i=1 optimal
from the point of view of (9). We may assume that |di| > |di+1| for i = 1, 2, .... Indeed, let
σ : N→ N be a permutation such that |dσ(i)| > |dσ(i+1)| for all i ∈ N. Let S
′ =
∑+∞
i=1 |di|.
Then
∑
i>j |dσ(i)| = S
′ −
∑j
i=1 |dσ(i)| 6 S
′ −
∑j
i=1 |di| =
∑
i>j |di| <
|S|
(2+θ)((2C+1)j+1)
. It
follows that if (9) is satisfied for some permutation of jumps, it is also satisfied for the
monotonic one.
Let us now define
D :=
{
+∞∑
i=1
midi : 0 6 mi < 2C + 1
}
.
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Lemma 7.3. Under the above assumptions there exist p, η > 0 such that
(p− η, p+ η) ⊂ (0, |S|) \ (D ∪−D), and consequently the set (sgnS)p−D is bounded away
from 0.
Proof: Let j, θ satisfy (9). We consider the set of sums A := {
∑j
i=1midi, 0 6 mi <
2C+1, i = 1, ..., j} and B := A∪−A (|B| 6 2(2C+1)j) and let ξ := |S|
(2+θ)(2C+1)((2C+1)j+1)
.
Then there exist p ∈ (0, |S|) and η > 0 such that (p−η, p+η)∩ (B+(−ξ, ξ)) = ∅. Indeed,
the number of points from B in the interval (0, |S|) is at most (2C + 1)j (because B is
symmetric), so there exists an interval I = [a, b] ⊂ (0, |S|) of length at least |S|
(2C+1)j+1
and
B∩ I = ∅. Hence, if we take p to be midpoint of I, and any 0 < η < |S|θ
2(2+θ)((2C+1)j+1)
then
p− η > a+ ξ, p + η < b− ξ, so (p − η, p + η) ⊂ (a + ξ, b− ξ). But from the definition of
I we get (a+ ξ, b− ξ) ∩ (B + (−ξ, ξ)) = ∅, and from (9), D ∪ −D ⊂ B + (−ξ, ξ). Finally,
(p− η, p + η) ⊂ (0, |S|) \ (D ∪ −D). 
Let us now define P := cl (sgn (S)p −D), then 0 /∈ P and P is compact. The proof of
the following result contains some ideas from [5].
Theorem 7.4. Let T : T → T be an irrational rotation by α with bounded partial quotients
and f : T → R+ be bounded away from zero function in U , satisfying (9). Then the special
flow (T ft )t∈R has the R(γ, P ) property for every γ > 0.
Proof: By (4),
f(x) = fpl(x) + fac(x) =
+∞∑
i=1
di{x− βi}+ c+ fac(x),
for some constant c ∈ R.
Let us fix ǫ > 0 and N ∈ N. Because the series
∑+∞
i=1 |di| converges, there exists a
number m(ǫ) ∈ N such that ∑
i>m(ǫ)
|di| <
ǫ
4(2C + 1)
.
Let κ(ǫ) := 1m(ǫ)(2C+1) min{ǫ/2pC, 1/C
2}.
From Lemma 7.1 it follows that there exists s0 such that for all s > s0
sup
06n<qs+1
sup
‖y−x‖< 1
qs
|f (n)ac (y)− f
(n)
ac (x)| < ǫ/4, (10)
and min{κ(ǫ), 1}qs0 > N . Let δ := (δ(ǫ,N)) =
p
|S|qs0+1
and take x, y ∈ T with 0 <
‖x− y‖ < δ. Let s denote the unique natural number such that
p
|S|qs+1
< ‖x− y‖ 6
p
|S|qs
, (11)
then s > s0. Without loss of generality assume that x < y and S > 0, the proof for S < 0
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goes analogously. We will consider the sequence
(
f
(n)
pl (y)− f
(n)
pl (x)
)
n∈N
. We have
f
(n+1)
pl (y)− f
(n+1)
pl (x) = f
(n)
pl (y)− f
(n)
pl (x) +
+∞∑
i=0
di({y + nα− βi} − {x+ nα− βi}) =
= f
(n)
pl (y)− f
(n)
pl (x) +
+∞∑
i=0
di(y − x− χ(x,y]({βi − nα})). (12)
So setting mi = mi(n) =
∑n−1
j=0 χ(x,y]({βi − jα}) we get that
f
(n)
pl (y)− f
(n)
pl (x) = nS(y − x)− d¯n, (13)
where
dn := dn(x, y) =
+∞∑
i=1
midi.
Let us fix now i ∈ N and assume that {βi − ℓα}, {βi − rα} ∈ (x, y], with 0 6 ℓ, r < qs+1,
ℓ 6= r. Then
‖{βi − ℓα} − {βi − rα}‖ > ‖qsα‖ >
1
2qs+1
>
1
2Cqs
.
So the number mi = mi(qs+1) of discontinuities of the function f
(qs+1)
pl in the interval (x, y]
which are of the form {βi − jα} for some 0 6 j < qs+1, is smaller than
2Cqs|y − x|+ 1 6 2C
p
|S|
+ 1 6 2C + 1.
Hence (dn) ∈ D, n = 1, ..., qs+1. Because of (13) and (11), we have
f
(qs)
pl (y)− f
(qs)
pl (x) + dqs = qsS(y − x) 6 p
f
(qs+1)
pl (y)− f
(qs+1)
pl (x) + dqs+1 = qs+1S(y − x) > p.
Moreover, for every natural n
0 < f
(n+1)
pl (y)− f
(n+1)
pl (x) + dn+1 − (f
(n)
pl (y)− f
(n)
pl (x) + dn) = S(y − x) 6
p
qs
.
Hence, there exists an integer interval I ⊂ [qs, qs+1] such that∣∣∣f (n)pl (y)− f (n)pl (x) + dn − p∣∣∣ < ǫ2 for n ∈ I
and
|I| > min
(
ǫ
2p
qs, qs+1 − qs
)
> min
(
ǫ
2pC
,
1
C2
)
qs+1.
Since s > s0, by (10) we have
|f (n)(y)− f (n)(x) + d¯n − p| <
3ǫ
4
for n ∈ I.
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Let us consider all i, 1 6 i 6 m(ǫ). Then the number of discontinuities of f (qs+1) comming
from βi − jα, 0 6 j < qs+1 in the interval (x, y] is at most (2C + 1)m(ǫ). It follows
that we can split the interval I into at most m(ǫ)(2C + 1) integer intervals on which the
discontinuities come only from βi − jα, with i > m(ǫ) and j = 0, ..., qs+1. It follows that
if a, b are in any such integer interval then mi(a) = mi(b), i = 1, ...,m(ǫ). Thus we can
choose an integer subinterval J ⊂ I such that if min J := M and if M,M + r ∈ J then by
(9)
dM+r − dM =
+∞∑
i=1
(mi(M + r)−mi(M))di 6
∑
i>m(ǫ)
(2C + 1)|di| 6
ǫ
4
and moreover
|J | >
1
m(ǫ)(2C + 1)
min
(
ǫ
2pC
,
1
C2
)
qs+1 = κ(ǫ)qs+1.
Set d = dM . Then, in view of (14)
|f (m)(y)− f (m)(x)− p− d| 6 |f (m)(y)− f (m)(x)− p− dm|+ |dm − d| < ǫ
m ∈ J . Let now J = [M,M + L] ∩ Z, then
L
M
>
|J |
qs+1
> κ(ǫ), M > qs > qs0 > N, L > |J | > κ(ǫ)qs+1 > κ(ǫ)qs0 > N.
Because the special flow T f is weakly mixing by Proposition 6.2, the automorphism T fγ is
ergodic for all γ 6= 0, and an application of Proposition 5.4 completes the proof. 
Remark 7.5. The above theorem yields a stability result for the roof functions belonging to
the set U and satisfying (9). Namely, consider a function f ∈ U with the set of discontinuity
points {βi}
+∞
i=1 and the corresponding set of jumps {di}
+∞
i=1 satisfying (9) with θf , jf and a
function g ∈ BVa+j(T) such that
V ar g 6 min
{
|S(f)|
(2 + ηg)(2C + 1)((2C + 1)jf + 1)
, djf
}
(14)
for some ηg >
θf+7
θf
. Then f + g ∈ U and f + g satisfies (9) for some θf+g, jf+g. Indeed
notice that |S(f+g)| = |S(f)+S(g)| > |S(f)|− |S(g)| > |S(f)|−V ar g > 0, so f +g ∈ U .
Moreover, let {ri}
+∞
i=1 denote the set of discontinuities of f+g and {mi}
+∞
i=1 the set of jumps
of the function g and we reorder the set of discontinuities of f + g to get a decreasing one
(see Remark 7.2). By setting jf+g = jf , taking any 0 < θf+g <
1
4+θf+ηg
and using
consecutively (14), (9)+(14), the definition of θf+g, and again (14), we obtain
∑
i>jf+g
|ri| 6
+∞∑
i>jf
|di|+
+∞∑
i=1
|mi| 6
|S(f)|
(2 + θf )(2C + 1)((2C + 1)
jf + 1)
+
|S(f)|
(2 + ηg)(2C + 1)((2C + 1)
jf + 1)
6
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|S(f)|
(2 + θf+g)(2C + 1)((2C + 1)
jf + 1)
−
|S(f)|
(2 + θf+g)(2 + ηg)(2C + 1)((2C + 1)
jf + 1)
6
|S(f)|
(2 + θf+g)(2C + 1)((2C + 1)
jf + 1)
−
|S(g)|
(2 + θf+g)(2C + 1)((2C + 1)
jf + 1)
6
|S(f + g)|
(2 + θf+g)(2C + 1)((2C + 1)
jf+g + 1)
.
8 Absence of partial rigidity for the roof functions from a
subfamily of U
In this section, we will show the absence of partial rigidity of special flows over irrational
rotation by α having bounded partial qoutients (C := sup{an}+1) and under roof functions
f : T → R+, f ∈ U . We will use the following general lemma.
Lemma 8.1. ([5], Lemma 7.1.) Let S : (X,B, µ) → (X,B, µ) be an ergodic automorphism
and g ∈ L1(X,µ) such that g > c > 0. Suppose that the special flow (Sgt )t∈R is partially
rigid along a sequence (tn), tn → +∞. Then there exists 0 < u 6 1 such that for every
0 < ǫ < c we have
lim inf
n→+∞
µ
(
{x ∈ X : ∃j∈N|g
(j)(x)− tn| < ǫ}
)
> u.
Recall that {βi}
+∞
i=1 denotes the set of discontinuity points and the corresponding set
of jumps is {di}
+∞
i=1 . Let C1, C2 be as in Lemma 4.1. Assume that there exists a function
η : R+ → R+ such that lim infǫ→0 η(ǫ)ǫ = 0 and∑
i>η(ǫ)
|di| <
ǫ
C2
C1
+ 1
. (15)
We note that if such an η exists it also exists for a monotonic permutation of the set of
discontinuities of f (cf. Remark 7.2). Under the above assumption we prove the following
result.
Theorem 8.2. Assume T : T → T is an ergodic rotation by α having bounded partial
quotients. Suppose f ∈ U is positive, bounded away from zero function satisfying (15).
Then the special flow (T ft )t∈R is not partially rigid.
Proof: Let m,M be positive numbers such that 0 < m 6 f(x) 6 M for every x ∈ T.
We will proceed by contradiction assuming that (tn) (tn → +∞) is a partial rigidity time
for (T ft )t∈R. By Lemma 8.1, there exists 0 < u 6 1 such that for every 0 < ǫ < m we have
lim inf
n→+∞
λ
(
{x ∈ T : ∃j∈N|f
(j)(x)− tn| < ǫ}
)
> u. (16)
Let us fix ǫ > 0 such that ǫ < m10 and
0 < η(ǫ)ǫ <
|S|m2
48M(m+ V ar f) + |S|m2
u. (17)
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Since f ′ ∈ L1(T, λ), there exists 0 < δ < ǫ such that
λ(A) < δ implies
∫
A
|f ′|dλ < ǫ. (18)
Moreover by the Egorov theorem and the ergodicity of T (and recalling that S =
∫
T
f ′dλ)
it follows that there exist Aǫ ⊂ T with λ(Aǫ) > 1− δ and m0 ∈ N such that
S
2 6
1
kf
′(k)(x), if S > 0,
S
2 >
1
kf
′(k)(x), if S < 0
(19)
for all k > m0 and x ∈ Aǫ.
Take any n ∈ N such that tn2M > m0, tn > 2ǫ. Let us consider the set Jn,ǫ of all j ∈ N
such that |f (j)(x)− tn| < ǫ for some x ∈ T. For such j and x we have
tn + ǫ > f
(j)(x) > mj and tn − ǫ < f
(j)(x) 6Mj
whence
tn
2M
6
tn − ǫ
M
< j <
tn + ǫ
m
6
2tn
m
for any j ∈ Jn,ǫ; in particular, j ∈ Jn,ǫ implies j > m0.
Let now jn := max Jn,ǫ. Let us consider the points of discontinuity of f
(jn), i.e. {βi −
jα}, i = 1, ...,+∞, 0 6 j < jn. Consider first the points for which i 6 η(ǫ). They divide
T into subintervals In1 , ..., I
n
η(ǫ)jn
. Some of these intervals can be empty. Note that the
only discontinuities of f (jn) which are contained in the interiors of In1 , ..., I
n
η(ǫ)jn
come from
the set {βℓ}ℓ>η(ǫ). For every fixed k ∈ N, the number of points of the form {βk − rα},
0 6 r < jn in the interval I
n
i is not bigger than
C2
C1
+1. Indeed, if {βk−tα}, {βk−rα} ∈ I
n
i ,
t 6= r then (see Lemma 4.1)
‖{βk − tα} − {βk − rα}‖ >
C1
jn
,
so the number of such points is not bigger than jnC1 |I
n
i | + 1 6
C2
C1
+ 1. Let us fix now
1 6 i 6 η(ǫ)jn. For every j ∈ Jn,ǫ let I
n
i,j stand for the minimal closed interval of I
n
i which
includes the set {x ∈ Ini : |f
(j)(x)− tn| < ǫ}. Of course, I
n
i,j may be empty.
Moreover for every k > 1 let mk = mk(n,w, i, j) =
∑w−1
s=0 χIni,j({βk − sα}). It follows
that mk(n, jn, i, j) 6
C2
C1
+ 1.
If Ini,j = [z1, z2] is not empty then using (5) and (15)
1
j
∣∣∣∣∣
∫
Ini,j
f ′(j)dλ
∣∣∣∣∣ 6 |f
(j)(z+1 )− f
(j)(z−2 )|
j
+
|
∑
k>η(ǫ)mk(n, j, i, j)dk |
j
6
|f (j)(z+1 )− tn|+ |tn − f
(j)(z−2 )|
j
+
∑
k>η(ǫ)mk(n, j, i, j)|dk |
j
6
2ǫ
j
+
(C2C1 + 1)
ǫ
C2
C1
+1
j
6
3ǫ
j
6
6Mǫ
tn
(20)
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because the only discontinuity points of f (j) in Ini,j come from βk−sα, k > η(ǫ), 0 6 s < j.
Now, suppose that x is the endpoint of Ini,j and y is the endpoint of I
n
i,j′ with j 6= j
′.
Then, by (5) and (15), it follows that
∫ y
x
|f ′|(jn)dλ >
∣∣∣∣
∫ y
x
f ′(j)dλ
∣∣∣∣ > |f (j)(y−)− f (j)(x+)| − ∑
k>η(ǫ)
mk(n, jn, i, j)|dk | >
|f (j)(y−)− f (j
′)(y−)| − |f (j
′)(y−)− tn| − |f
(j)(x+)− tn| − ǫ >
m− |f (j
′)(y)− tn| − |f
(j)(x)− tn| − |f
(j)(x+)− f (j)(x)| − ǫ >
m− 4ǫ >
m
2
. (21)
Let Ki = {j ∈ Jn,ǫ : I
n
i,j 6= ∅} and denote |Ki| = r > 1. Then there exist r − 1 pairwise
disjoint subintervals Ht ⊂ I
n
i , t = 1, ..., r − 1, which are disjoint from I
n
i,j, j ∈ Ki and fill
up the space between those intervals. In view of (21), we have∫
Ht
|f ′|(jn)dλ >
m
2
(22)
for t = 1, ..., r − 1. Therefore in view of (20) and (22)∣∣∣∣∣∣
∑
j∈Ki
∫
Ini,j
f ′(j)
j
dλ
∣∣∣∣∣∣ 6 r
6Mǫ
tn
=
6Mǫ
tn
+
12Mǫ
mtn
(r − 1)
m
2
6
6Mǫ
tn
+
12Mǫ
mtn
r−1∑
t=1
∫
Ht
|f ′|(jn)dλ 6
6Mǫ
tn
+
12Mǫ
mtn
∫
Ini
|f ′|(jn)dλ. (23)
Since λ(Acǫ) < δ, and
1
j <
2M
tn
we have
η(ǫ)jn∑
i=1
∑
j∈Ki
∫
Ini,j∩A
c
ǫ
f ′(j)
j
dλ 6
2M
tn
η(ǫ)jn∑
i=1
∑
j∈Ki
∫
Ini,j∩A
c
ǫ
|f ′|(jn)dλ 6
2M
tn
∫
Acǫ
|f ′|(jn)dλ 6
2M
tn
jnǫ 6
4M
m
ǫ. (24)
Note that (see (16))
Bn := {x ∈ T : ∃j∈N|f
(j)(x)− tn| < ǫ} ⊂
η(ǫ)jn⋃
i=1
⋃
j∈Ki
Ini,j.
Now, we can conclude as in [5], namely, using (19), (23), (24) we have
|S|
2
λ(Bn ∩Aǫ) 6
η(ǫ)jn∑
i=1
∑
j∈Ki
∫
Ini,j∩Aǫ
|f ′(j)|
j
dλ 6
∣∣∣∣∣∣
η(ǫ)jn∑
i=1
∑
j∈Ki
∫
In
f ′(j)
j
dλ
∣∣∣∣∣∣+
η(ǫ)jn∑
i=1
∑
j∈Ki
∫
Ini,j∩A
c
ǫ
|f ′(j)|
j
dλ 6 η(ǫ)jn
6Mǫ
tn
+
12Mǫ
tnm
∫
T
|f ′|(jn)dλ+
4M
m
ǫ
20
6
12η(ǫ)Mǫ
m
+
4M
m
ǫ+
24Mǫ
m2
‖f ′‖L1 6
24η(ǫ)M
m2
(m+ V arf)ǫ
Finally, using (17) we obtain
λ(Bn) 6 λ(Bn ∩Aǫ) + λ(A
c
ǫ) <
48η(ǫ)M
|S|m2
(m+ V arf)ǫ+ ǫ < u.
The yields contradiction with (16) which completes the proof. 
From Theorem 7.4, Theorem 8.2 and Lemma 3.1 we get the following result.
Corollary 8.3. Suppose that T : T → T is the rotation by an irrational number α with
bounded partial quotients and f : T → R is a positive, bounded away from zero function
from the set U satisfying conditions (9), (15). Then the special flow (T ft )t∈R is mildly
mixing.
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